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ABSTRACT 
Let T be a complex n dimensional torus acting holomorphically on a compact complex mani- 
fold M, let x E A4, and let T(x) be the orbit of x. We show that a continuous map f : M + T is 
homotopic to a holomorphic fibration whose fibers are transversal to the orbits if and only if 
rankf,(ni(T(x))) = dimT and f * : H’(T;C) + H’(M;C) preserves the space H,‘,’ of closed 
forms of type (1,O). Using this we prove that M is T-equivariantly biholomorphic to M x M/T if and 
only if there is an appropriate splitting of ~1 (M). 
INTRODUCTION 
Let M be a compact complex manifold and let T be a complex torus acting 
holomorphically on M. The aim of this paper is to describe when a finite covering 
space M’ of A4 is T-equivariantly biholomorphic to T x AI’/ T. In particular we 
show that the existence of an appropriate decomposition of ~1 (M) implies that 
A4 is T-equivariantly biholomorphic to M x M/T. Related results for compact 
Kahler manifolds can be found in [3,4,7,8,14]. 
Let ev, : ~1 (T, 1) --f rri (M, xg) be the homomorphism induced by eu : T 3 t + 
txg E A4 and let H,Plq(M) denote the set of these elements of Hf’+q(M, C) that 
are represented by closed (p, q)-forms. Our first result can be stated as follows. 
Theorem 1. Let A4 be a compact complex manifold and let T = C”IB be a com- 
plex torus acting holomorphically on M. The following conditions are equivalent: 
(a> a continuous map f : A4 -+ T is homotopic to a holomorphic transversally 
equivariant$bration. 
(b) f* o ev, is a monomorphism andf *(H,‘,‘( T)) c H,‘,‘(M). 
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Here by a transversally equivariant$bration (t-ejibration) we mean a smooth 
fibrationp : A4 -+ T such that the orbits of the action of Tare transversal to the 
fibers ofp and p( tx) p(x)-’ depends on t E T only. Note that the structure group 
ofp is finite (see [lo, Proposition 2.11) so that M is finitely covered by T x M/T. 
In our second result we shall assume that dimHj,‘(M) = i dimH’(M; C). 
This assumption is satisfied if A4 is a compact Kghler manifold or if A4 is 
covered by a compact complex parallelizable nilmanifold (compare [ll, Theorem 
11). It implies that every element a of H’ (M; C) can be written as u + v for some 
U, ‘u E H,‘,‘(M) so that the formula JO = iu - iV defines the action of the almost 
complex structure J on H’(M; C) (see Remark 2.3). Now we have the following. 
Theorem 2. Let M and T be as in Theorem 1. Assume that dim H’(M; C) = 
2 dim H,,‘(M). The manifold M is T-equivariantly biholomorphic to T x M/T 
if and onIy if rank imev, = dimR T and there is a direct sum decomposition 
nl(M) = imev, x n such that the induced decomposition of H’(M; C) is J- 
invariant. 
An extension of Theorem 2 to all compact complex T-manifolds can be found 
in $2. 
$1. HOLOMORPHIC FIBRATIONS ASSOCIATED WITH HOLOMORPHIC COMPLEX 
TORUS ACTIONS 
The object of this section is to prove Theorem 1. Let T = F/B and M be as in 
the statement of Theorem 1. The results of this paper will be derived from the 
following. 
Proposition 1.1. ([10,§1,§2]). Let M be a compact T-manifold, and let w : 
TM + C” be a closed T-invariant l-form whose periods belong to B. The map 
p : M --+ T = P/B given by p(x) = s: w mod B is a t-e fibration if and only if 
pI o euut is a monomorphism. The structure group of a t-ejbration q : M --f T is a 
jinite group isomorphic to 7~ (T)/im(q, o ev,). 
Proposition 1.2. ([12, ch.S,§2,Theorem 111). Two maps into a K(r, 1) space with 
r abelian are homotopic if and only if the induced homomorphisms of the funda- 
mental groups are the same. 
Proposition 1.3. Let M be a compact complex manifold and let f : M + T be a 
continuous map. If f is homotopic to a holomorphic map then f *(HJ,O( T)) C 
H,,‘(M). Iff *(H,>‘(T)) c Hi>‘(M) then there is a holomorphic l-form w such 
thatp:M3x+SxXo w mod B E T is a holomorphic map homotopic to f. 
Proof. The first implication is clear so that it suffices to show the second one. 
Assume that f *(H,‘,‘(T)) C Hi>‘(M). C onsider the canonical l-form E : TT + 
L(T) that carries every tangent vector into its extension to an invariant vector 
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field on T. Let A denote the composition of the following three canonical 
identifications L(T) ” L(F) 2 TC: 2 C” and let 0 = A o E. Then 6’ is a closed 
(1 , 0)-form, because 6 is T-invariant, A is C-linear, and E o J = J o E. For every 
u E xi(T) we have J, 8 = Z(u) where Z : x1(T) + B is the canonical isomor- 
phism. To see this let h = Z(u), let c : I 3 t + tb E Cn, and let E be the lift of E to 
C”. For every t E Z we have E((dc/dt)(c(r))) = A-‘(b) and [,B = A(Ju&) = 
A($ Z((dc/dt)(c(t)) dt) = b = Z(u) as claimed. 
The cohomology class off * 19 belongs to H,“(M) so that f * 0 is cohomo- 
logous to a closed (1, 0)-form w. By the above the periods of w belong to B. Let p 
be as in the statement of this proposition. Locally there is a smooth function h 
such that w = dh. We have d”h = 0, because d”h = w - d’h is an (1, 0)-form. It 
follows that h and p are holomorphic. Let v E xi(M). It is easy to see that 
Z(P*(V)) = s, ( P w corn are the proof of Lemma 1.2 in [lo]). Thus z(p,(~)) = 
JJ*Q=.l&= Z(f*(v)) and f* = p*. By Proposition 1.2, p and f are homo- 
topic. This completes the proof of Proposition 1.3. 0 
Remark 1.1. A holomorphic map homotopic to f can be also defined as fol- 
lows. Let g : A4 + Alb(M) be the ‘integration map’ 
XH {aw_J fIu>. x, x0 E M, Q E H1~o(T; C). 
Here f ! 01 denotes the unique holomorphic l-form belonging to f *a. Note that 
g is well defined and holomorphic. One can show that A-’ og, where 
A : T + Alb( T) is the Albanese map (see [2,9]), is homotopic to f. 
Proof of Theorem 1. It suffices to prove that (b) + (a). Let w and p be as in 
Proposition 1.3. Then p* o eu, = f* o ev, is a monomorphism. For every t E T 
the form t*w is a closed (l,O)-form cohomologous to w. By the compactness of 
M, t *w = w. By the above, p is a holomorphic t-e fibration homotopic to f. This 
finishes the proof of Theorem 1. q 
$2. CARTESIAN PRODUCT DECOMPOSITIONS ASSOCIATED WITH HOLOMORPHIC 
COMPLEX TORUS ACTIONS 
Proof of Theorem 2. If there is a complex manifold V such that A4 is T-equi- 
variantly biholomorphic to V x T then ~1 (M) = im ev, x A, where n = ~i( V). 
The induced decomposition H’ (M; C) = H’ (T; C) @ H’ ( V; C) is J-invariant. 0 
Assume that ri(M) = imez), x d and that the induced splitting H’(M; C) = 
E’ @ D’ is J-invariant. Here E’ corresponds to im ev, and D’ corresponds to A. 
As ev, is a monomorphism we can define a homomorphism h : ~1 (M) + ~1 (T) 
by the formula h = ev;’ o r, where x : q(M) - imew, is the projection. Then 
im h*(H’(M; C)) = E’ is a J-invariant subspace of H’(A4; C) and it is easy to 
see that ev* o h* = id. The homomorphism ezi* induced by the holomorphic map 
ev commutes with J and ev* is a monomorphism on E’. Using this we conclude 
that h* carries H,‘,‘(T) into H!,‘(M). 
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Take a continuous map f : A4 + T such that j”* = h. By Theorem 1 there is a 
holomorphic t-e fibrationp : A4 -+ T such thatp, = h. As im (p* o ev*) = ~1 (T), 
the structure group of p is trivial (see Proposition 1.1) so that M is T-equi- 
variantly biholomorphic to F x T, where F is a fiber of p. This finishes the proof 
of Theorem 2. •I 
Remark 2.1. If M is a compact Kahler manifold, then the assumption that 
rank im ev, = dimn T can be replaced by the assumption that the action of T is 
effective (see [4, Theorem 71). 
A result similar to Theorem 2 holds for an arbitrary compact complex 
manifold. Instead of H’(A4; C) we should take its subspace n’(M; C) = 
Hj,O(M) @ H:,‘(M) with the action of the almost complex structure defined 
above. Then we have the following. 
Theorem 2’. Let A4 be a compact complex mamfold, let T be a complex torus 
acting holomorphically on A4, let E’, D’ be as in the proof of Theorem 2, and let 
E’ = E’ n A’(M; C), 2)’ = D’ n A’(M; C). The following conditions are equiva- 
lent. 
(a) The manifold A4 is T-equivariantly biholomorphic to T x M/T. 
(b) E’ = &’ and there is a direct sum decomposition ~1 (M) = imev, x A that 
induces a J-invariant decomposition A’(M; C) = E’ @ 2)‘. 
Proof. If M is biholomorphic to T x M/T and p : A4 + T is the associated 
projection, then p*(H’( T; C)) C E’ so that dim&’ > dim T. For every a E 
A’ (M; C) we have (p* oev*)acI’ando-(p* o ev*) (Y E 2)‘. This shows that 
(a) * (b). 
Now we prove that (b) + (a). Let h, h” be as in the proof of Theorem 2. Then 
im h* = E’ = ,Z’ is a J-invariant subspace of A’(M; C). As in the proof of 
Theorem 2, the homomorphism evi = ev* In’ (M.C. commutes with J, ev$ 0 h* = 
id, h* : H’(T, C) + A’(M; C) commutes with ‘J and h*(H,‘,‘(T)) G HE,O(M). 
The rest of the argument is the same as that given in the proof of Theorem 2. 0 
Remark 2.2. Let M be a compact algebraic manifold. Applying the results of 
the paper one can show that every Hodge form fl on M determines a holo- 
morphic t-e fibrationp : M + T whose fibers are O-orthogonal to the orbits. The 
structure group ofp can be described in terms of some periods of 0. In particular 
A4 is T-equivariantly biholomorphic to T x M/T if and only if there is a Hodge 
form on A4 having appropriate periods. These results generalize the theorem of 
complete reducibility of Poincare (compare [13, chapter 6, Theorem 61) and are 
somewhat stronger than the results given in [4], [7, $121. The details will not be 
given here. 
Remark 2.3. The action of the almost complex structure J on HE(M; C) des- 
cribed in the introduction is well defined. This can be seen as follows. Let w = df 
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be an exact l-form such that w = u + v for some closed (l,O)-forms u and U. 
Locally u = dg, u = dh for some holomorphic functions g, h so that locally 
df = d(g + h). As the function g + h is harmonic, the function f is harmonic too. 
By the compactness of M and by the maximum principle f = const. Thus 
u + 6 = 0 so that u = 0, u = 0. 
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